ON CHARACTER DEGREES OF FINITE GROUPS AND
SOME ASSOCIATED GRAPHS

Department of Mathematics
nalnajjarine@gtu.edu.tr, roghayeh@gtu.edu.tr

Nour ALNAJJARINE, Roghayeh HAFEZIEH

Gebze Teknik Universitesi Fen Bilimleri Enstitiisii, Lisansiistii Aragtirmalar Sempozyumu & Tanitim Giinleri, 14-16 Mayis 2018

We present some interesting results that reflect the strong interplay
between the structure of a finite group G and the properties of some
graphs associated with its character degree set.

Preliminaries in Group Theory

Definition:

Let G be a finite group and V' be a vector space over C, such that
dim¢(V) = n. Arepresentation of G in V of degree n is a
homomorphism of groups p : G — GL(V) = GL(n, C).

It is called irreducible if and only if IV has no nontrivial invariant
subspaces.

The character of G associated with p is the mapping y: G — C where
x(g) = tr(p(g))-Acharacter of G is called irreducible if and only if p
is irreducible. The set of all irreducible characters of G is denoted by
Irr(G).

IfH < G,60 € Irr(H) and g € G, we define 89: H — C by
09(h) = 0(ghg™1), we have 89 € Irr(H) and
1:(6) ={g € G: 69 =6}.

Definition:

A subnormal series of G is a finite chain of subgroups of G:
Go={1;}<G, < <G,=G

where G;_, 2 G; forevery1 < i <r.

If G;/G;_q is abellan forevery 1 < i < r, then G is solvable and the

length of the shortest subnormal series of G verifying this property is

called the derived length of G and it is denoted by dI(G).

Definition:
A solvable radical of a group G is the largest solvable normal subgroup
of G.

Definition:
A Hall subgroup H of a group G is a subgroup whose order is relatively
prime with its index.

Definition:
A group G is said to be simple if and only if it has no proper normal
subgroups.

Definition:

A group G is an almost simple group if and only if there exists a simple
nonabelian group S such that S < G < Aut(S). In this case, we say
that G is an almost simple group with socle S.

Preliminaries in Graph Theory

Definitions:

1. Agraph € is an ordered pair (V (L), E(Q)), where V(Q)is a
vertex set, E(£) is an edge set and each edge is associated with
two vertices.

2. Awalk on ) is an alternating sequence of vertices and edges:
Vo, €1, V1, , €k, Vg SUchthat v;_4 and v; are the endpoints of the
edge e¢; forall 1 < i < k. The length of a walk is defined to be the
number of its edges.

3. Apath of length n, P, is a walk where all vertices are distinct.

4. Acycleof length n, C,,, is a walk where vy = vj, and all other
vertices are distinct.

5. Agraph Q is connected if for all u = v € V() there existsa u, v
— path ( a path whose endpoints are u and v). Otherwise we say
that Q) is disconnected. In this case, we define the connected
components of Q to be its maximal connected subgraphs, and we
denote by n(£) the number of such components. If ) is connected,
then, diam(Q} = Max{dq(u, v):u,v € Q}, where dq (u, v) is
the length of the shortest u, v — path.

Basic Definitions and Theorems

Definition:

Let G be a finite group. Consider the set of irreducible complex
characters of G, Irr(G), and define cd(G) = {x¥(1): y € Irr(G) }.
Let p(G) be the set of all primes which divide some character degrees
of G.

» The prime degree graph, A(G), is the graph whose vertex set is
p(G) and there is an edge between two primes p and q in p(G) if
and only if pq divides some degree in cd(G).

» The common divisor degree graph, I'(G), is the graph whose vertex
setis cd(G)* = cd(G) \ {1} and there is an edge between two
characters m and n if and only if gcd(m, n) # 1.

» The bipartite divisor graph, B(G), is the graph whose vertex set is
p(G) U cd(G)* and there is an edge betweenp € p(G) and m
€ cd(G)* if and only if p|m.

These graphs are strongly related graphs, in particular, they have the
same number of connected components.

Theorem:
For any finite group G, we have n(A(G)) < 3.
If G is solvable, then n(A(G)) < 2.

Theorem:
There is no solvable group G whose A(G) isa P; ora Cy.

Theorem:
There is no nonsolvable group G whose A(G) is a Ps.

Theorem:
Let G be a nonsolvable group suchthat |cd(G)*| = 4. Then ['(G) is
one of the graphs listed in Figures 1 and 2.

Theorem:

Let G be a finite group such that A(G) has no triangles (C5’s). Then,
lp(G)] < 5.

Theorem:

Let G be a finite group such that A(G) has five vertices and no
triangles, then the following hold:

1. If A(G) is disconnected, then G = PSL(2,27) x A, where A is
abelian, | (2/ + 1)| = 2 and A(G) is the second graph in
Figure 3.

2. IfA(G) is connected, then G = H X K, where H = A or
PSL(2,8), K is a solvable group such that A(K) has exactly two
vertices and two connected components and p(H) N p(K) =
Furthermore, A(G) is the first graph in Figure 3.
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Figure 1: T'(G) when G is nonsolvable and |ed(G
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Figure 2: Unknown graph.
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Figure 3: Graphs of finite groups having five vertices and no triangles.

Theorem:
Let G be a finite group. Then diam(B(G)) < 7 and this bound is
sharp.

Theorem:
Let G be a finite group such that B(G) = P, for some positive integer
n. Then,n < 6, G is solvable and dI(G) < 5.

Example:

Consider G = S35 X A4. We have:

cd(S3) = {1,2},cd(44) = {1,3}and cd(G) = {1,2,3,6}.
Moreover, G is solvable as S; and A, are so.

Lemma:

Let S be a nonabelian simple group. Then B(S) is disconnected and all
its connected components are paths if and only if S is isomorphic to one
of the following groups:

i PSL(2,2™) where [m(2" + 1)| < 2:
i, PSL(2,p™) where pis an odd prime and |t (p™ £ 1)| < 2.

Lemma:
If G is afinite group whose B(G) is a union of paths and |p(G)| = 5,

then G = PSL(2,2™) X A, where A is abelian and |z (2™ + 1)| = 2.

Theorem:
Let G be a finite nonsolvabe group and let N be the solvable radical of
G.If B(G) is a union of paths, then B (&) is disconnected and there
exists a normal subgroup M of G such that G /N is an almost simple
group with socle M /N. Furthermore, p(G) = p(M) and we have one
of the following cases:

1) If n(B(G)) = 2,then |cd(G)| = 5or |cd(G)| =

G/N € {PGL(2,q), My}, for g > 3 odd, and either
cd(G)={1,q—1,q,q+1}orcd(G) = {1,9,10,16}.

Let C; and C, be the connected components of B(G). Then C; is a
path of length one and C, = P, where n € {|p(G)|, |p(G)| + 1}.

2)Ifn(B(G)) = 3,then G = PSL(2,2™) x A, where A is an
abelian group and n > 2.

Example:

Let G = PSL(2,25).Then cd(G) = {1,13, 24, 25, 26}.

Thus B(G) is the union of the following two paths:
C;:5—25,and

Cy: 13—13—-26—2—24—3.

Lemma:
Let G be a finite group whose B (G) is a cycle of length n > 6. Then,
A(G) and T'(G) are both cycles.

Theorem:

If G is a finite group whose B (G) is a cycle of length n. Then,
n € {4,6}

Corollary:

If G is a finite group whose B(G) is a cycle, then G is solvable and
dl(G) < |cd(G)]| < 4.

Theorem:
Let G be a finite group such that B(G) is a cycle of length four. Then
there exists a normal abelian Hall subgroup N of G such that

cd(G) ={|G:I;(A)|: A € Irr(N)}.

Example:

Consider the two nonabelian groups among the sixty six groups of order
588. The bipartite divisor graph of these two groups is Cy4, precisely,
these groups have {1, 6, 12} as their irreducible character degree set.
Remark that any group of order 588 is solvable.

Interesting Questions

Question 1:
|s there is any solvable group G whose B (G) is a path of length four
such that [cd(G)| =

Question 2:
|s there is any solvable group G whose B(G)is a Ps or a Pg?
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